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Attending to student thinking
and their interactions when
working in small groups
Chris Rasmussen
San Diego State University

An inquiry-oriented
differential equations class

Inquiry-oriented (IO)
• Deep engagement in the mathema=cs
• Peer to peer collabora=on
• Teacher interest and curiosity into student work

In IO classrooms teachers typically circulate
around the class and listen to what their students
are doing. What might a teacher or researcher pay
aGen=on to?

What are you attending to in
this 2 minute video clip?

Attending to Student Thinking

A goal of the CIME 2016 workshop is “to
develop language and methods for
describing, analyzing and evaluating what
can be seen in the classroom.”
Miriam Sherin asked:
• What lens are we using?
• What tools are we using?

Jeﬀ

Individual meanings

Joe

Individual roles

Collec=ve progress

Deb

Liz

Discipline prac=ces

A compelling small group episode in which students made
considerable progress in reinven=ng Euler’s method

Emergent perspective and the (classroom)

Sociomathema=cal norms

Social norms

Social Perspec-ve

Mathema=cal
concep=ons and ac=vity

Mathema=cal beliefs and
values

Beliefs about one’s own
role, others’ role, and the
general nature of
mathema=cal ac=vity

Individual Perspec-ve

interpretive framework (Cobb & Yackel, 1996)

Collec=ve mathema=cal
progress

Collec=ve mathema=cal
progress

Social Perspec-ve

Mathema=cal concep=ons
and ac=vity

Individual Perspec-ve

The need to expand the bottom row of
the interpretive framework

• “Mathema=cal concep=ons and ac=vity” has primarily been
opera=onalized in terms of individual par=cipa=on in
classroom mathema=cal prac=ces
• Desire to be more inclusive of cogni=ve framing and draw on
expansive literature that examines the meanings that
individuals bring to bear and develop
• Work in undergraduate mathema=cs foregrounds disciplinary
nature of students’ mathema=cal ac=vity

Social norms

Social Perspec-ve

Beliefs about one’s own role,
others’ role, and the general
nature of mathema=cal
ac=vity

Individual Perspec-ve

Expanded Interpretive Framework

Sociomathema=cal norms

Mathema=cal beliefs and
values

Disciplinary
prac=ces

Collec=ve
mathema=cal
progress

Par=cipa=on Mathema=cal
in
meanings
mathema=cal
ac=vity

Disciplinary
Prac-ces
What are the
norma=ve ways
of reasoning
that emerge in a
par=cular small
groups or
classrooms?

Collec-ve
mathema-cal
progress

How do
individual
students
contribute to
collec=ve
mathema=cal
progress?

Par-cipa-on in
mathema-cal
ac-vity

What meanings
do individual
students bring
to bear and
develop in their
mathema=cal
work?

Mathema-cal
meanings

4 constructs and research questions

What is the
mathema=cal
progress of the
classroom
community in
terms of the
disciplinary
prac=ces of
mathema=cs?

and coordination of analyses

CLAIM:
Conclusion

QUALIFIER

DATA:
Evidence
WARRANT: Explains
how the data leads
to the claim

The core of
the argument

Criterion 2: When certain parts
of an argument (the warrant,
claim, data, or backing) shi^
posi=on within subsequent
arguments

Criterion 1: When the backing
and/or warrants for par=cular
claim are ini=ally present but
then drop oﬀ

Three criteria

Collective mathematical progress: Ways of reasoning
that function as if shared

REBUTTAL
BACKING: Explains
why the warrant has
authority

Toulmin (1958)

Criterion 3: When a par=cular
idea is repeatedly used as either
data or warrant for diﬀerent
claims across mul=ple days
Rasmussen & Stephan (2008)

Mathematical meanings

As students solve problems, explain their thinking, represent
their ideas, and make sense of others’ ideas, they necessarily
bring forth various meanings of the ideas being discussed and
poten=ally enlarge or modify these meanings.

• When feasible, make use of prior work that characterizes
student meanings of par=cular ideas: concept image of limit
(Williams), covaria=onal reasoning (Carlson), rate of change
(Thompson; Zandieh), etc.
• In less traversed domains, one will need to develop new
characteriza=ons of the meanings that individuals bring to bear
and develop.

Participation in
mathematical activity

Individual progress as par=cipa=on in mathema=cs is
opera=onalized in terms of produc=on and recipient design
(Krummheuer; 2007, 2011).
Produc-on design
• Author is given when a speaker is responsible for both the
content and formula=on of an uGerance.
• Relayer is assigned when a speaker is not responsible for the
originality of either the content or formula=on of an uGerance
• Ghostee takes part of the content of a previous uGerance and
aGempts to express a new idea
• Spokesman is one who aGempts to express the content of a
previous uGerance in his/her own words

Participation in
mathematical activity

Recipient Design
• Conversa6on partner is the listener to whom the speaker
seems to allocate the subsequent talking turn
• Co-hearers are listeners who are also directly addressed but
do not seem to be treated as the next speaker
• Over-hearers are those who seem tolerated by the speaker
but do not par=cipate in the conversa=on
• Eavesdroppers are listeners who are deliberately excluded by
the speaker from conversa=on

Disciplinary Practices

Symbolizing
Algorithma=zing
Deﬁning
Modeling
Theoremizing

Theoremizing: engaging in a
mathema=cal sehng, observing
rela=onships, clarifying and reﬁning
stated rela=onships, arguing for (or
against) claims, generalizing, and
jus=fying generaliza=ons.

Moschkovich (2007) argues that disciplinary prac=ces are “socially,
culturally, and historically produced prac=ces that have become
norma=ve”. From an a priori perspec=ve, we have:
•
•
•
•
•

Using a grounded approach we allow the data to shape how we
characterize the features of a disciplinary prac=ce that emerge in a
par=cular class.

Rasmussen, C., Wawro, M., & Zandieh, M. (2015). Examining
individual and collec=ve level mathema=cal progress. Educa6onal
Studies in Mathema6cs, 88(2), 259-281.

Design Based Research Setting
• Mid-sized university with “generous” admission policy
• Introductory course in diﬀeren=al equa=ons
• 29 students in the class
• Mostly engineering majors and a few mathema=cs majors
• Curriculum inspired by Realis=c Mathema=cs Educa=on

• Inquiry-oriented instruc=onal approach (Rasmussen & Kwon, 2007)

• Deep engagement in the mathema=cs
• Peer to peer interac=on
• Instructor inquiry into student thinking
• Video recordings of each class from two cameras, copies of student
work, individual student interviews, debrieﬁng mee=ngs
Day 2 of the course
Small group episode las=ng ≈ 10 minutes
•
•

Ini=al Task

P

The previous problem dealt with a complex situa=on with
two interac=ng species. To develop the ideas and tools that
we will need to further analyze complex situa=ons like these,
we will simplify the situa=on by making the following
assump=ons:
• There is only one species
t
• The species have been in the lake for some =me before
what we are calling =me t = 0
• The resources (food, land, water, etc.) are unlimited
• The species reproduces con=nuously

dP/dt = 3P

Given these assump=ons for a certain lake with ﬁsh, sketch
three diﬀerent popula=on versus =me graphs (one star=ng at
P = 10, one star=ng at P = 20, and the third star=ng at P = 30).

The Task – Use dP/dt to Approximate Future Population Values

Consider the following rate of change equa6on, where P(t)
is the number of rabbits at 6me t (in years): dP/dt = 3P(t)
or in shorthand nota6on dP/dt = 3P. Suppose that at 6me
t = 0 we have 10 rabbits (think of this as scaled, so we
might actually have 1000 or 10,000 rabbits). Figure out a
way to use this rate of change equa6on to approximate
the future number of rabbits at t = 0.5 and t = 1.

4 Liz: Oh ok, so I get the rate of change at =me, ini=ally, the
instantaneous rate of change would be 30. Did I
mul=ply it right?
….
17 Liz: So if we have the 30, the ques=on is how can we use
that to help us ﬁgure out the popula=on a^er a half
unit elapsed?

Cpit

A priori analysis: Intended
knowledge elements (Tabach et al, 2015)

• Csy – establishing connec=on between P and dP/dt (if you
know P you can ﬁnd dP/dt)
• Cpit – popula=on itera=on (given P and dP/dt at a moment in
=me allows one to ﬁnd P at a later =me)
• Crit – rate of change itera=on (applying Csy at that later =me
one can ﬁnd the corresponding dP/dt)
• Cit – Cpit and Crit can be combined into a repea=ng loop. Csy

Liz: What I understand is that we found our rate of change ini=ally at =me
zero and that we are using that to ﬁnd out what our popula=on is a^er half
a year. If we are expected to grow by 30 rabbits in a year then, in a half a
year we grow by 15 rabbits. So we’ll have 15, I mean 25 because 15 plus 10
is 25. Then you start over again, so it’s kind of like our new ini=al
C
it
popula=on. We could label it =me equals zero if we wanted to.

Jeﬀ

Individual meanings

Joe

Individual roles

Collec=ve progress

Deb

Liz

Discipline prac=ces

Research goals: Coordinate collec=ve and individual analyses to gain
greater explanatory and descrip=ve power; BeGer understand the
individual and collec=ve meaning making processes

Small Group Collective Progress

Finding: Three ideas func=oned as if shared

• dP/dt can be determined from P values (Csy)
• A value for dP/dt refers to the amount of change
over 1 year
• Cpit and Crit can be combined into a repea=ng
loop

Claim: dP/dt can be determined from P values
functioned as if shared

Claim: The ini=al
instantaneous rate of
change is 30 (Liz)

Small group discourse sa=sﬁed Criterion 2: What was originally a Claim in
one argument (Arg 1) func=ons as Data in a subsequent argument (Arg 5)
Data: This is
where 10 rabbits
at zero (Jeﬀ)

Warrant: I would plug in
the popula=on of rabbits
for P to determine the
rate of change (Liz)
Backing: If we had a graph, its kind of like what we were just talking
about, we are trying to determine the rate of change when this =me
is equal to zero (Liz)

Claim: which will give us
what, the new amount of
rabbits plus the old amount
of rabbits (Deb)

Claim in Arg 1 shifts to Data in Arg 5
Data: We have the 30.
Three =mes ten would
give us our rate of change.
Say 0.5 years passes (Deb)
Warrant: This is our rate
of change. Then we’ll
take that 0.5 =mes the
rate of change (Deb)

A value for dP/dt refers to the amount of change over 1 year
Cpit and Crit can be combined into a repea=ng loop

Similar type of evidence for the other two ideas that func=on as if shared
•
•

Full considera=on of the data indicate that Liz, Deb, and Jeﬀ made
individual progress compa=ble with the collec=ve mathema=cal progress.

Toulmin Analysis Overview

Warrant

Claim

Data

2

2

5

6

Liz

1

5

5

5

Deb

0

1

5

1

Jeﬀ

0

0

2

4

Joe

• Talk turns: Liz 26; Deb 18; Jeﬀ 13; Joe 8
• There were 14 diﬀerent arguments (à la Toulmin) that
consisted of at least Data and Claim
• The following table shows the distribu=on of
contribu=ons (some contribu=ons co-constructed)

Backing

In relation to the collective mathematical
progress,
•
•
•
•

What meanings for dP/dt emerged and who expressed
these meanings?
What part did these meanings play in the collec=ve
mathema=cal progress?
What roles did Liz, Deb, Joe, and Jeﬀ play in all of this?
In what ways did students’ mathema=cal work reﬂect
disciplinary prac=ces?

Steepness - Liz
Ra=o – Liz, Jeﬀ
Popula=on length – Liz, Deb
Tool - Liz
Func=on - Deb
Propor=on – Deb
Frac=on- Jeﬀ

What meanings for dP/dt emerged
and who expressed these meanings?
•
•
•
•
•
•
•

Meanings for dP/dt
1 Liz: I would plug in the popula=on of rabbits for P to
determine the rate of change, when, ini=ally, just at
the instance, like ini-ally, what’s the rate of change
when -me equals zero. So if we had a graph, its kind
of like what we were just talking about, we are trying
to determine the rate of change when this =me is
equal to zero.
4 Liz: So I get the rate of change at =me, ini=ally, the
instantaneous rate of change would be 30.
6 Joe: Are we trying to ﬁgure out what P is?
7 Liz: Okay, well this points to [dP/dt] is the change in the
popula-on over the change in -me.

Rate as
steepness

Rate as
ra=o

Meanings for dP/dt
15 Joe: Well, wouldn’t 10 = 3P(t)? If at =me zero we have 10 rabbits.
16 Liz: Well 10 is actually the popula=on so I’m taking that that has to
actually be the popula=on at =me t. I don’t think it’s telling us
how the popula-on is changing, which would be dP/dt.
17 Liz: So if we have that [ini=al rate of change is 30], the ques=on is
how can we use that to help us ﬁgure out the popula=on a^er
a half unit elapsed?
22 Deb: You said the popula=on is 10 right [Liz: Um hmm]. So three
=mes ten would give us our rate of change. Say 0.5 years
passes, this is our rate of change. Then we’ll take that 0.5
-mes the rate of change which will give us what [slight
pause looks up to Jeﬀ and Joe], the new amount of rabbits
plus the old amount of rabbits.

Huh?

Rate as
steepness

How can
rate be a
tool?

Propor=onal reasoning?

Meanings for dP/dt
25 Liz: So the old amount of rabbits is 10.
26 Deb: Am I making sense?

Computes
change in P
from dP/dt

Rate as
tool

27 Jeﬀ: I think so, so that would be 25, is that what you’re saying?
Rate as
28: Liz: Okay I think I get what you’re saying. Ok, so like we’re at =me “pop
length”
zero and we have 10 rabbits, and supposedly the rate of
change, well not supposedly, we’re saying that the rate of
change is 30 [Jeﬀ: yeah for the] at =me zero. So its going to
grow at a rate of, I don’t know if I’m going to say this right, at
30 rabbits per year? [looks up at Deb]
29 Deb: Right. [Liz: Ok] So we’ll have 30 more rabbits.
32 Liz: And so we’re really not ﬁguring out the rate of change we
ﬁguring…Well this is the rate of change and we’re using the
rate of change to ﬁgure out the number of rabbits we are
going to increase by in half a year.

Meanings for dP/dt
38 Deb: This is what I did. First I looked at the fact that this is a rate
of change equa-on. So this is telling me how many
rabbits are being produced every year. So If I know 3 =mes
the original popula=on is produced every year, then I have
3 -mes 10 is produced every year. But I want to know
how many is produced in 0.5 years. So I know how many
rabbits are produced per year, so if I mul-ply that by 0.5
then I’ll know how many more rabbits have been
produced. So I take that new number that I get and add it
to the old popula=on.
43 Jeﬀ: I think you can go dp/dt=30, actually your dt will be 0.5,
and then you add that to the old and then you do it again
for the next one.
45 Deb: …. And once I know the new popula-on I know the new
rate of change because I know the rate of change is right
here.

Rate as
func=on

Rate as
“pop
length”

Prop.
reasoning

Treats
dP/dt as
frac=on

Crit

Meanings for dP/dt
46 Liz: And the reason for puhng in the new popula=on would be
what?

Rate as
func=on

47 Deb: Because now my popula-on is larger [pulls hands apart] and
I know the popula-on changes at a constant of 3 -mes
whatever that popula-on is at that moment in -me.

Rate as
pop length

48 Liz: Okay, so basically, I get you up into the point where you say
you want to put in, what I understand is that we found our
rate of change ini6ally at 6me zero and I understand using
that to ﬁnd out what our popula6on is aUer half a year. If we
are expected to grow by 30 rabbits in a year then, in a half a
year we grow by 15 rabbits. So we’ll have 15

Rate as
propor=on

What part did these meanings play in
the collective mathematical progress?
•

•

•
•

The principle of a form-func=on-shi^ (Saxe, 2002) of nota=ons in
use is par=cularly suitable for analyzing the interplay between tool
use (in this case dP/dt = 3P) and conceptual development.
This shi^ describes the interplay between cultural forms (external
representa=ons) and the meanings that develop for structuring and
accomplishing speciﬁc goals.
As we saw, there is a shi^ in the meaning of dP/dt - from steepness
to a “popula=on length” (clearly for Liz and likely for Deb)
This shi^ coincided with “a value for dP/dt refers to the amount of
change over 1 year” func=oning as if shared AND the ini=al
ar=cula=on of how to ﬁnd the es=mate for the popula=on at t = 0.5.

What roles did Liz, Deb, Joe, and Jeff play
in the collective mathematical progress?
Produc-on Design
Author: responsible for content and formula=on

Relayer: not responsible for either content or formula=on
Ghostee: Reformulates previous content as a new idea
Spokesman: Rephrases content in his/her own words
• Author (co-author): opera=onalize as one who contributes to any
part of an argument (Data, Claim, Warrant, or Backing)

Production Design Roles

• Talk turns: Liz 26; Deb 18; Jeﬀ 13; Joe 8
• Raw count of co-author shows that there was fairly even
distribu=on (Liz 6/14; Deb 5/14; Jeﬀ 6/14; Joe 4/14)
• More nuanced look however reveals important
diﬀerences
• Joe oﬀered 2 incorrect arguments
• Jeﬀ o^en Revoiced (with and without reformula=on)
• Liz and Deb did the main intellectual li^ing (as you saw in the
excerpts)

• For example, Liz was primarily Author (core of argument) for Csy and
as Spokesman for meaning of dP/dt as popula=on length
• Deb, on the other hand, was the primary author for Cit

Production Design Roles

26 Deb: [ar=culates the main itera=on idea but withoutRelayer
a
numerical result] Am I making sense?
27 Jeﬀ: I think so, so that would be 25, is that what you’re
saying?
28: Liz: Okay I think I get what you’re saying. Ok, so like we’re at
=me zero and we have 10 rabbits, and supposedly the
rate of change, well not supposedly, we’re saying that
the rate of change is 30 [Jeﬀ: yeah for the] at =me zero.
So its going to grow at a rate of, I don’t know if I’m
going to say this right, at 30 rabbits per year? [looks up
at Deb]
Spokesman

Recipient Design
Conversa-on Partner: listener with next turn
Co-hearer: directly addressed but not treated as next speaker
Over-hearer: tolerated by speaker but do not par=cipate
Eavesdropper: deliberately excluded by speaker

Talk turns: Liz 26; Deb 18; Jeﬀ 13; Joe 8

For the most part, Liz, Deb, and Jeﬀ were conversa=on
partners and co-hearers. Joe was mostly a co-hearer and
at =mes an over-hearer

Production/Recipient Design Insufbicient
Facilitator Design
Focuser is assigned when a speaker directs aGen=on to a
par=cular mathema=cal issue
Elicitor is given when a speaker aGempts to bring out
another’s ideas
Checker is one who seeks agreement or sensibility of an
uGerance
Summarizer pulls ideas together

Facilitator Design

Focuser

Focuser

17 Liz: So if we have that [ini=al rate of change is 30], the ques-on is
how can we use that to help us ﬁgure out the popula-on
a]er a half unit elapsed? [32 sec pause, everyone looking
down at their papers and making marks]
18 Jeﬀ: So I was just going to say how would we work -me into the
equa-on to get the next, uh, popula=on or change in
popula=on?
Checker
40 Liz: Yeah I get it, do you guys get what Deb is saying?
41 Jeﬀ: Yeah you get 25 and then you get 55.
46 Liz: And the reason for pu^ng in the new popula-on would be
Elicitor
what?
48 Liz: Okay, so basically, I get you up into the point where you say
you want to put in, what I understand is that …..
Summarizer
53 Deb: Everybody agree?
Checker

In what ways did students’ mathematical
work reblect disciplinary practices?
Algorithma-zing
• Engaging in goal directed ac=vity
• Isola=ng aGributes
• Forming quan==es
• Crea=ng rela=onships between quan==es
• Expressing rela=onships symbolically

Summary

Implica=ons for Instruc=on
• Examples contribute to instructor notes about
student thinking, about implementa=on sugges=ons,
video clips of paradigma=c student thinking
• Instruc=onal design – Suggest teacher ques=ons
• What is the ini=al rate of change and what does
this value mean to you?
• How can you use the 30 to ﬁgure out the
popula=on a^er half unit of =me?
• Helping students become beGer small group
facilitators (deﬁne roles, illustrate roles, assign
roles, assess enactment of roles)

Implica=ons for Research
• A priori analysis did not include unit popula=on
change meaning of rate – need to make this an
explicit part
• Contribute to local instruc=onal theory
• Oﬀer an approach for coordina=ng individual
and collec=ve mathema=cal progress (more to
do on this)
• Illuminate social and individual processes that
contribute to mathema=cal progress

•

•

•
•
•

Further Coordination

Choose an individual and trace his/her uGerances for the ways in
which they contributed to the emergence of ways of reasoning
that func=on as if shared and/or disciplinary prac=ces
Characterize the individuals that oﬀer claims, data, warrants, and
backing (as related to ways of reasoning that func=on as if shared)
• What are their characteris=cs?
• What is the instructor’s role?
• How do individual contribu=ons relate to produc=on and
recipient design roles?
How do paGerns over =me in student par=cipa=on relate to
growth in their mathema=cal concep=ons?
In what way are diﬀerent par=cipa=on paGerns correlated with
diﬀerent mathema=cal growth trajectories?
In what ways are par=cular classroom math prac=ces consistent
(or inconsistent) with various disciplinary prac=ces?

Individual and Collective
Mathematical Progress Metaphor

Meanings
Produc=on design
Recipient design
Facilitator design

Strands that make up
collec=ve progress
•
•
•
•

C
O
L
L
E
C
T
I
V
E

The end – thanks for listening

Chris Rasmussen
chris.rasmussen@sdsu.edu

